Two classes of operator families, namely «-times integrated C-semigroups of hermitian and positive operators on Banach spaces, are studied. By using Gelfand transform and a theorem of Sinclair, we prove some interesting special properties of such C-semigroups. For instances, every hermitian nondegenerate w-times integrated C-semigroup on a reflexive space is the n-times integral of some hermitian C-semigroup with a densely defined generator; an exponentially bounded Csemigroup on L''(/^)(l < p < «>) dominates C (a positive injective operator) if and only if its generator A is bounded, positive , and commutes with C; when C has dense range, the latter assertion is also true on L(in) and C () (Q.). §1. Introduction Let X be a (complex) Banach space. We denote by X the dual space of X and by B(X) the space of all bounded linear operators on X. Let C e B(X), and let 7X0 -{T(t)',t > 0} be a strongly continuous family in B(X). For «> 1,7X0 is called an n-times integrated C-semigroup on X ([10], [11]) if it satisfies: T(t)C = C7XO, 7X0) = 0, and 
of Sinclair shows that V(T) = coa(T) which is equivalent to that r(aT + fiI) = \\aT + pI\\ for all complex a and j3, where r(T) denotes the spectral radius of 7(see [4] , §26).
An ft-times integrated C-semigroup T(-) is said to be hermitian (resp. positive) if T(f) is hermitian (resp. positive) for all t > 0. The purpose of this paper is to investigate some interesting properties of hermitian and positive n-times integrated C-semigroups. Section 2 is concerned with hermitian ones, Section 3 concentrates on positive C-semigroups which dominate the operator C, and Section 4 consists of some illustrating examples.
As is well known, a classical C 0 -semigroup T(-) is always exponentially bounded, and its generator A is bounded if and only if T(-) is uniformly continuous on [0,oo). For a C-semigroup with C^ /, the situation is quite different, even when it is positive. For instance, in Section 4 we give an example (Example 3) of a C-semigroup T(-) on £, , which satisfies T(t)>C>Q for all t > 0, is not exponentially bounded, is uniformly continuous on [0,°°), but has an unbounded generator.
Our main theorem (Theorem 3.
3) about positive C-semigroups states that a closed operator A generates a C-semigroup T(-) satisfying T(t) > C >0 if and only if C~lAC = A,R(C)^D(A n ),A"C<=B(X) and A"C>0 for all n>l, so that t n T(t) = ^= Q -A"C.
In case the space is a Lebesgue space If(ti) with l<p<oo (orL',C 0 under the additional assumption that R(C) = X), the above condition becomes that A and C are commuting bounded positive operators (Corollary 3.4). The proof of it for spaces C 0 (O) and L r (ju), 1 < p < °°, p ^ 2, uses the fact that a bounded linear operator on any one of these spaces is hermitian (resp. positive) if and only if it is a multiplication operator by a bounded, real (resp. positive) valued function (see [22] , [12] , and [19] ). It is unknown whether a similar statement as Corollary 3.4 holds for C-semigroups of positivity preserving operators on Banach lattices, although it is true for the special case: C It is known that an (n + l) -times integrated semigroup need not be the integral of some /7-times integrated semigroup (see e.g. [1] ), that is, it is not necessarily differentiate. A hermitian «-times integrated C-semigroup T(-) turns out to possess better regularity. In fact, T(-) is rc-th continuously differentiate in norm on (0,oo) and T (n) (-) is locally bounded on [0,oo); in case n > 1, T(-) is (w-l)-th continuously differentiable in norm on [0,oo) (Theorem 2.3, (b)-(e)). If T(-) is a hermitian nondegenerate rc-times integrated C-semigroup with generator A, where n > 1, then T (ll} (t)x converges to Cx as t -> 0" for x in D(A) (Corollary 2.4). Thus, if A has dense domain (this is the case in particular when the space X is reflexive), then T(-) is n-th strongly differentiable on [0,°°) and T (n) (-) is a hermitian C-semigroup (Theorem 2.5). Nevertheless, this conclusion is not true in general (see Example 2.) We also deduce that if T(-) is a hermitian n-times integrated C-semigroup on a reflexive space X with generator A , then T (•) is a hermitian ft-times integrated C -semigroup on X' with genetator A' (Corollary 2.6). It is unknown to us whether the same property is shared by nonhermitian Csemigroups, although the affirmative answer for the case C = / is well known. Another interesting phenomenon is that every hermitian n-times integrated semigroup is exponentially bounded (Theorem 2.3 (g)). This is similar to Arendt's result [2, Proposition 6 .7] for positivity preserving integrated semigroups on Banach lattices. In general, integrated semigroups are not necessarily exponentially bounded (see [9] and [7, p. 1 10] ). §2o Hermitian C-semigroup § In this section we study some properties of n-times integrated C-semigroups of hermitian operators on a Banach space X. 
(n-l)lolfJo uniformly for (t,a>) in /xO, where J is a compact subset of (0,°°) in case n = l,or of [0, °o ) in case n>2.
Proof. Clearly, /?, is increasing in t and j3 0 = sup{|p(co)|; 0) e Q} . First, we consider the case n > 2. Fix any & > 0 . We have for co e O and t > 0
Moreover, for 0 < t < b and \h\ < 1 with J + h > 0 we have 
This proves the lemma for n-\, and completes the proof. Proof. Let A T be the Banach subalgebra of B(X) generated by T(-) , C and /, the identity operator on X. Let /// T be the carrier space of A T , i.e. the space of all nonzero multiplicative linear functionals on A T .
Let 0 e /// T be arbitrary. By (1.1) and (1 .2) we have for all t, s>0
if n = 0, and
if n > 1 . It follows that 0(7(-)) = 0 if (and also only if for the case n = 0) 0(C) -0 .
Let 0 e ///; := {0 e m T ;0(7(-)) £ 0} . If w = 0, Lemma 2.1(i) implies that
for some a 0 e R . For the case ft > 1 we temporarily assume that 70 is norm continuous on [0,°°). Then one can move (/) inside the integral so that
for all r, s >0. It follows from Lemma 2.1(ii) that there is an a 0 e R such that
(n-1)1 Jo
Next, we show that the nondecreasing function 
for 0 E /^ and f>0,/z^0 with t + h>0, we can apply Lemma 2.2 to = 0(C), and ^W = a (j) ((/)<= ///£) , and it follows that the limit converges uniformly for (r,0) in Jx/?^ , where J can be any compact set in (0,°°) (resp. [0,°°)) in case n = I (resp. n > 2). Hence we have for such set / Clearly, (a) can be seen from (2.4) and (2.5), and (b) and (e) follow by applying (c) and (d), respectively, to S(-) . When n = 1 and C = /, we have /?, = sup{exp(a 0 5-); 0 e ,,/ T , 0 < s < 1} < °o . Hence there is a 0) E R such that a $ <CD for all 0e//,y. This means that \\T'(t)\\ < exp(cot) for all t > 0, which shows assertion (g) for the cases n = 0 and n = 1 . To show (g) for n > 2 one can apply (g) to the integrated C-semigroup T (n~]) (-) and then take integration n times. 
This implies that jf(-) is norm differentiable on / and T'(t) = \im h^+ A h (t) uniformly for t in /. Hence T'O is norm continuous on /. When n > 2 , / can be any compact subset of [0,oo) so that T'(-) is a norm continuous hermitian (n-l)-
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The proof is complete.
Corollary 2.4. Let T(-) be a hermitian nondegenerate integrated Csemigroup on a Banach space X, and let A be its generator. Then T'(-)\X } is a hermitian C\X { -semigroup on X } := D(A) and it is norm continuous on (0,°o).
Proof, (d) of Theorem 2.3 asserts that r'(-) is hermitian, locally bounded, and norm continuous on (0,«>), and CT'(t + s) = T'(t)T'(s) for all t,s>0. Since T(t)x-tCx = l' {) T(s) Axds for all x e D(A) and r>0, one has that as t ->
\\T'(t)x -Cx\\ = ||r(OAjc|| -> 0 for all x e D(A), and hence for all x in X l , due to the local boundedness of T'(-) on [0,°o). Restricting F(-) to the invariant subspace X } we come to the conclusion.
Theorem 2.5. Let n> I. If the generator A of a hermitian nondegenerate n-times integrated C-semigroup T(-) on X is densely defined, then T(-) is n-th strongly differentiate on [0,°°) and T (n) (-) is a hermitian C-semigroup with generator A. In particular, every hermitian nondegenerate n-times integrated Csemigroup on a reflexive space is the n-times integral of some C-semigroup with a densely defined generator.
Proof. The first part of the theorem follows from Theorem 2.3 (c) and Corollary 2.4. For the second part we need only to show that the generator A of a hermitian nondegenerate integrated C-semigroup T(-) on a reflexive space must have dense domain.
Since T'(f) exists for all t > 0 and A is closed, from the identity: T(t)x -tCx = A£ T(s)xds, x e X , t > 0 one sees that R(T(t)) c D(A} and AT(t)x = T'(t)x -Cx
for all x E X and t > 0. Since X is reflexive, the local boundedness of F'(-) implies that for any x E X and for any sequence t n -> 0 , the 
, T(-) is nondegenerate and X is reflexive, the dual family {T (t); t > 0} is a hermitian n-times integrated C -semigroup on X .
Proof. Since the dual operator of a hermitian operator is also hermitian, the assertion for the cases (1) and (2) follows from (b) and (f) of Theorem 2.3. For the case (3) one can apply case (1) and then Theorem 2.5 to the integral of T(-). Since J is an arbitrary compact interval in (0,°o), the closedness of A and the induction assumption for n = k show that (a)-(c) are true for n = k + 1, and we have for <f> e //^= lim hl [6 ;i=0 §3. Positive C-Seraigroups which Dominate C
(A k T(t + h})-(b(A k T(t)}}
The following theorem presents some properties of positive C-semigroups.
Theorem 3.1. for t > 0. Therefore (d') is true for n = k + 1, and the proof is complete.
Let T(-) be a nondegenerate C-semigroup on a Banach space X such that T(t) > C > 0 for all t>0, and let A be its generator. Then (a) R(T(t))dD(A")for n = 0,1,---, and t > 0; (b) A"T(t)eB(X) and A n T(t) >
For exponentially bounded positive C-semigroups we have the next theorem.
Theorem 3»2. Let T(-) be a nondegenerate exponentially bounded Csemigroup, say \\T(t)\\< Me 03 ' for some constants M > 0, CD e R and all t>0. If T(t)>C>$, then the infinitesimal generator A of T(-) has the following properties'. (a) R(T(t))c:D(A'
l )for n = 0,1,---, and t > 0 ; 
(b) A"T(t)eB(X)and
/i -ft)
Proof, (a) and (b) have been proved in Theorem 3.1 , and the first part of (f) follows from (d), (e), and the second part of (f). Note also that (f) follows from the following assertion: (f) and 0(A"/?(A)) = -^-0(C) for 0 e /* r , A > 0,0,1,2,---, A -a 0 where c^ is treated as zero whenever 0 e /// 7 \ /// 7 .
We shall prove (c)-(e) and (f) by induction on n. First, let us consider n = 0. Since || 7X01 < Ate This proves the first part of (f) for n = k + 1 , and the proof is complete. Since C~1AC = A, it follows that T(-) is a C-semigroup with generator A (see [10] ). This completes the proof. Proof. Since, as mentioned previously, a hermitian (resp. positive) operator on each of the spaces C 0 (Q) and Z/(/i), l<p<°°, p^2, is a multiplication operator by a bounded, real (resp. positive) valued function, the product of hermitian (resp. positive) operators on these spaces is still hermitian (resp. positive). Since the product of two commuting positive operators on a Hilbert space is still positive, the sufficiency part of the corollary follows from the sufficiency part of Theorem 3.3.
Corollary 3.4. Let C e B(X) be a positive, injective operator, and A be a closed operator on X = L p (/ii)(l < p < °o). Then A is the generator of an exponentially bounded C-semigroup T(-) on X which satisfies T(t) > C > 0 for all t>Q if and only if AeB(X)
Next, we see that, as multiplication operators, positive operators on spaces X = C 0 (Q), L /3 (MX l< J p<°°, P* 2, have the property: 0 < A < B implies ||A/|| < ||£/|| for all / e X. To show the necessity, we see from (b) and (f) of Theorem 3.2 that 0 < AC <G)C, so that \\ACf\\ < cd\\Cf\\ for all feX.
Hence Since A is unbounded, F(-) is not norm continuous at t = 0. By Theorem 2.3 (e), we know that T(-) is norm continuous on (0,°o). This fact can also be seen from the following estimate: Finally, we exhibit a positive C-semigroup which dominates C, is not exponentially bounded, is uniformly continuous on [0,°°), and has unbounded generator. 
